Paper constructs approximate analytical expressions of periodic disequilibrium fluctuations -business cycles -occurring in connection with Hopf bifurcations in nonlinear problems of economic interactions described by four-dimensional continuous time dynamical systems. Two nonlinear macrodynamic models are employed as tests models. The region of equilibrium stability in parameter space is obtained in each case and a Hopf bifurcation curve is identified as a boundary of the region. Validity of the analytical approximations obtained for the cycles generated by the loss of equilibrium stability on this curve is confirmed by comparison to numerically determined cycles. Explicit analytical description of such limit cycles is of particular interest in the case of subcritical bifurcation, due to the difficulty of the numerical determination of the generated unstable cycles.
Introduction
The main purpose of this paper is to apply a modified version of the engineering method of harmonic balancing to address the problem of constructing approximate analytical expressions of periodic disequilibrium fluctuations occurring in connection with Hopf bifurcations in economic dynamics. Such fluctuations are widely considered as stylized mathematical representations of business cycles in continuous time models of economic interactions. Business cycle theory has been further developed recently by Lorenz [13] , Gandolfo [5] , Agliari and Dieci [1] and others. Nonlinearities of the models are considered to be responsible for the occurrence of cycles as an endogenous feature of the economy.
The Harmonic Balance (HB) Method, not widely known among economists, is a classical technique for the study of limit cycles in nonlinear dynamical systems that has been successfully applied to engineering problems, either in its classic form (with the use of circular functions; see e.g. [16] , [24] ) or in its generalized form (use of elliptic functions; see e.g. [15] ). In fact the HB method is the Describing Function (DF) Technique introduced by Krylov and Bogolybov [9] (see also [6] , [22] ) and has been widely used in classical Nonlinear Feedback Control Theory (see for example [21] , [17] and [11] ). In the field of Economic Dynamics, the DF method has also been formed as a useful tool in the investigation of relevant nonlinear problems. See for example the application to the classic nonlinear business cycle model of Goodwin, by Bothwell [4] (the Method of Equivalent Linearization). The DF method in general aims to establish the existence of oscillations of the system, as well as to obtain approximate analytical expressions for the frequency and the amplitude of these oscillations.
The version of the HB method used herein, yields explicit approximate analytical expressions of the family of periodic solutions emerging at a Hopf bifurcation, without requiring a priori information about the behavior of the system (see [8] ). It proceeds along lines similar to the center manifold procedure and respective eigen-analysis (see [10] ), followed by a perturbation technique constructing the solution in series form step by step. The procedure also yields the required information for the determination of the nature of the Hopf bifurcation occurring, supercritical or subcritical (equivalently the stability of the occurring cycles), in terms of the sign of the second order term in the resulting expansion of the bifurcation parameter with respect to a small perturbation parameter.
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Two four-dimensional models are employed as the test models. The Extended Schinasi open economy model proposed by Makovínyiová and Zimca [14] and Striežovská and Zimca [20] , and the Puu's model of interregional macrodynamics [18] . The present work is an extension to four dimensional systems of the work presented in Asada et al. [3] . We explore the test models with regard to the appearance of business cycles through Hopf bifurcations. We consider the effects of the changes of the parameter values on the stability of equilibrium and determine the stability region in a subspace of the parameter space. In this subspace we further identify the Hopf bifurcation curves and seek to determine the type of Hopf bifurcations and to obtain an analytical description of the disequilibrium fluctuations occurring.
Although Asada and Yoshida [2] have provided a complete mathematical characterization of the four-dimensional Hopf bifurcation (referred to as "AsadaYoshida theorem" in [5] (p. 483), to the author's knowledge the problem of explicit analytical description of the cycles generated by the change of equilibrium stability at Hopf bifurcations has not been addressed sufficiently in the literature of economic dynamics ( [23] , remark 5). Such description of the occurring cycles is of interest especially in the case of subcritical bifurcation, when the generated cycles are unstable and difficult to obtain numerically, and may prove useful in testing for subsequent bifurcation of the cycles.
The paper proceeds as follows. In section 2 we present the macrodynamic models under consideration, and in sections 3 and 4 we outline the basic features of the method employed for the determination of the type of Hopf bifurcation and the analytical approximation of the periodic cycles occurring. In section 5 we determine the regions of stability of equilibrium in parameter space, apply the above procedure to the models under consideration and test the validity of the analytical approximations obtained, by comparison to numerically determined cycles. Section 6 concludes.
The models
Two four-dimensional models are treated in the present work:
Model 1. Extended Schinasi's open economy model.
This model is structured as an extension to an open economy of the Schinasi's model [19] , describing the development of output, interest rate and money supply in a closed economy. Thus by considering also the exchange rate, the following system of equations [14] is obtained:
where dot denotes differentiation with respect to the time period t and ( )
C  capital export and m C  capital import. The system (2.1) -(2.4) has been studied with regard to equilibrium stability and the existence of business cycles (see for example [20] ). In [14] , the existence of the cycles is more thoroughly investigated and formulae for the calculation of bifurcation coefficients are obtained when the functions I and S are nonlinear in Y . The sign of these coefficients determine the existence and the stability of the limit cycles.
Let us now adopt the following functional form for , , , , , ,
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where the coefficients 1 3 1 1 3 1 1 2 3 1 3 , , , , , , , , , , i i t s s d f f c l l are positive. In this case the dynamical system (2.1) -(2.4) is described by the following equations:
Model 2. Puu's two-region business cycle model.
This model has been suggested by Puu [18] and it is a typical example of nonoptimizing four-dimensional nonlinear macrodynamic model with continuous time. The model consists of the following system of equations:
where the subscripts , 1, 2 ( ) i j i j   denote the economic regions (or the countries) and ( )
State transformation and eigen-analysis
We consider a nonlinear autonomous system in R. By considering now the "equilibrium" Jacobian of (3.1)
we suppose that 0 J has a pair of complex conjugate eigenvalues, denoted as  , leading to a family of limit cycles. Moreover, in order to investigate such a bifurcation phenomenon, by using the criterion of Liu [12] , if we denote the characteristic polynomial of 0 ( )
where every ( ) 
Additionally, for the study of the family of periodic orbits, the considered method proceeds in the transformation of the state variables:
The matrix T is chosen such that the new Jacobian evaluated at the critical value 
To obtain the block-diagonal form (3. where the subscript 0 denotes differentiation with respect to the parameter  .
The periodic solutions
As mentioned above, in the case where conditions ( 1), ( 2) C C (Eqns. (3.4)-(3.6) when 4 n  ) are satisfied then a family of periodic solutions of (3.1) bifurcates from the equilibrium path  x 0 at the critical value 0  . By introducing a perturbation parameter  , we assume that the periodic solutions are in parametric form:
where t  is the period. Furthermore we introduce Fourier series expansion:
which by means of the time scaling
becomes 2 -periodic:
With this time scaling, system (3.9) is transformed to
where the subscript  denotes differentiation with respect to this scaled time Differentiating now successively (4.7) with respect to  and using (3.11) and (4.9), we obtain perturbation equations of the respective order (the k th order is generated by k times differentiation of (4.7)). The equations up to the second order are:
where primes denote derivatives with respect to  , evaluated at
). Note that the third order equations [see [8] , Eqn. (34), not listed here due to their length] are required to obtain the second order coefficient of the expansion of ( )   (Eqn. (4.14) below) which determines the type of Hopf bifurcation and the stability of the resulting cycles.
Thus by evaluating the derivatives of i X at the critical point ;0 ... , 2
We note that the sign of (0)  determines the stability of the limit cycles bifurcating from the critical point 
Regions of stability, Hopf bifurcations and cycles
The equilibrium values are: 
The characteristic equation of 0 ( ; , ) A comparison of the second order approximation with the numerically determined cycles is shown in Fig.3 for two values of the bifurcation parameter. For 0.68
the analytical approximation is almost indistinguishable from the numerically determined periodic orbit in this scale. As in the previous model, a comparison of the third order approximation with the numerically determined cycles is shown in Fig.6 for two values of the bifurcation parameter. Their analytical approximations are shown as dashed curves.
Concluding remarks
We explored two continuous time nonlinear economic models as test models of four-dimensional continuous dynamical systems governing problems of economic interactions, where Hopf bifurcations occur. In particular the corresponding bifurcations curves have been traced in a subspace of the parameter space, where the crossing of the boundary of the stability region generates simple Hopf bifurcations of limit cycles.
Further, by application of a modified version of the analytical method of harmonic balance, approximate analytical expressions of the emerging family of periodic solutions have been constructed in trigonometric series form. By the followed procedure we also determine the nature of the Hopf bifurcation occurring, equivalently the stability of the emerging cycles.
Explicit analytical formulae of such disequilibrium fluctuations generated by the change of stability at Hopf bifurcations is of particular interest in the case of subcritical bifurcation, as in the first model treated herein, due to the difficulty of the numerical determination of the bifurcating unstable cycles. Such analytical description may in future work prove useful in testing for subsequent bifurcation of the family of cycles.
